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Abstract
After the observation of non-zero θ13 the goal has shifted to observe CP violation in the leptonic sector. 
Neutrino oscillation experiments can, directly, probe the Dirac CP phases. Alternatively, one can measure 
CP violation in the leptonic sector using Leptonic Unitarity Quadrangle (LUQ). The existence of Standard 
Model (SM) gauge singlets – sterile neutrinos – will provide additional sources of CP violation. We inves-
tigate the connection between neutrino survival probability and rephasing invariants of the 4 × 4 neutrino 
mixing matrix. In general, LUQ contain eight geometrical parameters out of which five are independent. 
We obtain CP asymmetry (Pνf →νf ′ − Pν¯f →ν¯f ′ ) in terms of these independent parameters of the LUQ 
and search for the possibilities of extracting information on these independent geometrical parameters in 
short baseline (SBL) and long baseline (LBL) experiments, thus, looking for constructing LUQ and possi-
ble measurement of CP violation. We find that it is not possible to construct LUQ using data from LBL 
experiments because CP asymmetry is sensitive to only three of the five independent parameters of LUQ. 
However, for SBL experiments, CP asymmetry is found to be sensitive to all five independent parameters 
making it possible to construct LUQ and measure CP violation.
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The observation of non-zero θ13 [1–3] has, conclusively, established three types of oscilla-
tions and provides an opportunity for possible measurement of i) CP violation in the leptonic 
sector, and ii) to determine neutrino mass hierarchy. CP violation is, essentially, a three flavor 
effect [4] and is attributed to the non-trivial phases of the neutrino mixing matrix. In general, for 
three generation case, the neutrino mixing matrix contain three phases, one Dirac-type CP vio-
lating phase and two Majorana-type CP violating phases. However, only Dirac phase manifests 
itself in the neutrino oscillation experiments. Looking at the current and future neutrino facili-
ties, which are either at planning or data acquisition stage, the measurement of CP violation is 
not beyond realization [5,6]. The current experimental data on neutrino masses and mixings can 
be explained within the paradigm of three active neutrino isodoublets. However, reconciliation 
with the short baseline (SBL) anomalies such as LSND, MiniBooNE and Gallium [7–12] re-
quires the introduction of Standard Model (SM) gauge singlet(s)-sterile neutrino(s) because they 
involve the mass-squared difference, m2SBL  m2Atm  m2Solar. The possible existence of 
Standard Model (SM) gauge singlet fermion(s) is an attractive extension to our quest to under-
stand fundamental physics including origin of non-zero neutrino masses and dark matter puzzle. 
In presence of sterile neutrinos, the standard three neutrino picture must be enlarged to accom-
modate the more mass eigenstates having non-zero mixing with the standard three active flavors. 
Also, there will be additional sources of CP violation in presence of these SM gauge singlets. 
So, it is important to study the prospects of detecting these additional sources of CP viola-
tion. In general, CP violation can be studied in two ways. One way is to directly measure CP
violating phase in the neutrino oscillation experiments [5,6] and second is to construct the lep-
tonic unitarity triangle (LUT)/quadrangle (LUQ) [13–15]. In the present work, we have followed 
the second approach. In four neutrino mixing models, CP violation is, generally, expected to 
be violated and is attributed to the nontrivial complex phases in 4 × 4 neutrino mixing matrix. 
Neutrino oscillation experiments play crucial role to study Pontecorvo–Maki–Nakagawa–Sakata 
(PMNS) matrix and to, directly, measure CP violation, Pνf →νf ′ − Pν¯f →ν¯f ′ = 0, in the lep-
tonic sector. Alternatively, in order to measure CP violation, in a rephasing invariant manner 
using Leptonic Unitarity Quadrangle (LUQ), one has to construct rephase invariants from 4 × 4
neutrino mixing matrix V given by J ij
ff ′ ≡  
(
Vf iVf ′jV ∗fjV ∗f ′i
)
[16], where (i, j) = 0, 1, 2, 3
and (f, f ′) = s, e, μ, τ . In Sec. 2, we present the connection between neutrino survival prob-
ability and rephasing invariants of the 4 × 4 neutrino mixing matrix. In general, LUQ contain 
eight geometric parameters, out of which five parameters are independent. In Sec. 3, we present 
CP asymmetry, Pνf →νf ′ − Pν¯f →ν¯f ′ , in terms of these independent parameters of the LUQ and 
search for the possibilities of extracting information on these independent geometrical parame-
ters in short baseline (SBL) and long baseline (LBL) experiments, thus, looking for constructing 
LUQ and possible measurement of CP violation. In Sec. 4, we draw our conclusions.
2. Connecting leptonic unitarity quadrangle to mixing matrix
In four neutrino mixing, the flavor (νf , f = s, e, μ, τ ) and mass eigenstates (νj , j = 0, 1, 2, 3)
are connected through (4 × 4) unitary matrix V as
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⎛
⎜⎜⎝
νs
νe
νμ
ντ
⎞
⎟⎟⎠=
⎛
⎜⎜⎝
Vs0 Vs1 Vs2 Vs3
Ve0 Ve1 Ve2 Ve3
Vμ0 Vμ1 Vμ2 Vμ3
Vτ0 Vτ1 Vτ2 Vτ3
⎞
⎟⎟⎠
⎛
⎜⎜⎝
ν0
ν1
ν2
ν3
⎞
⎟⎟⎠ . (1)
The unitarity of mixing matrix V (V †V = VV † = 1) provide eight normalization and twelve 
orthogonality relations which corresponds to twelve unitarity quadrangles in the complex plane. 
Now, let’s consider a flavor state |νf 〉 that converts to |νf ′ 〉 after travelling a distance L km. The 
vacuum transition probability for this conversion is given by [14,17]
Pνf →νf ′ = δff ′ − 4
∑
i<j
(


(
Vf iVf ′jV
∗
fjV
∗
f ′i
)
sin2
(
Xij
))+ 2∑
i<j
(
J
ij
ff ′ sin
(
2Xij
))
, (2)
where Xij ≡ 1.27m2ijL/E with m2ij ≡ m2j − m2i , L is baseline length, and E is the neutrino 
beam energy. The vacuum transition probability for antineutrino can be directly obtained from 
Eqn. (2) by replacing J ij
ff ′ → −J ijff ′ . The flavor transition can be attributed to change in phase 
shift [17,18] of the transition probability by phase angle λf ′f :ij defined as
λf ′f :ij = arg
(
Vf ′iV
∗
f iVfjV
∗
f ′j
)
, (3)
with λf ′f ;ij = −λff ′ij = −λf ′f ;ji and Xij = −Xji . In terms of phase angle Eqn. (2) can be 
written as
Pνf →νf ′ = δff ′ − 4
∑
i<j
(


(
Vf iVf ′jV
∗
fjV
∗
f ′i
)
sin2
(
Xij − λf ′f ;ij
))
+ 2
∑
i<j
(
J
ij
ff ′ sin(2Xij − λf ′f ;ij )
)
(4)
for neutrinos and
Pν¯f →ν¯f ′ = δff ′ − 4
∑
i<j
(


(
Vf iVf ′jV
∗
fjV
∗
f ′i
)
sin2
(
Xij + λf ′f ;ij
))
− 2
∑
i<j
(
J
ij
ff ′ sin
(
2Xij + λf ′f ;ij
)) (5)
for antineutrinos.
Eqn. (4) and Eqn. (5) are the oscillation probabilities for f = f ′. We can, also, investigate 
the dependence of the survival probability, which is given by νf → νf (ν¯f → ν¯f ), on parame-
ters of leptonic unitarity quadrangle by taking f = f ′ and phase shift λf ′f ;ij = 0 and calculate 
disappearance probability. The survival probability (f = f ′) depends on four parameters, viz.
(as, bs, cs, ds) ≡
(
|Vf 0|2, |Vf 1|2, |Vf 2|2, |Vf 3|2
)
, (6)
which obey the unitarity constraint of the mixing matrix V . Hence, under f = f ′, Eqn. (4) and 
Eqn. (5) contains only three independent degrees of freedom among all nine parameters in the 
mixing matrix V . The disappearance probability can be expressed in terms of three independent 
parameters (as, bs, cs) as
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|Vf 0V ∗f ′0|, |Vf 1V ∗f ′1|, |Vf 2V ∗f ′2|, |Vf 3V ∗f ′3|
)
, respectively. α, β, γ, δ represent the four angles of the quadrangle.
Pdis = 1 − Pνf →νf = 4
∑
i<j
(


(
|Vf i |2|Vfj |2
)
sin2
(
Xij
))− 2∑
i<j
(
J
ij
ff sin
(
2Xij
))
,
= 4
(
asbs sin2 (X01) + bscs sin2 (X12)
+ (1 − as − bs − cs)
(
cs sin2 (X23) + as sin2 (X03)
))
. (7)
From Eqn. (7), it is clear that disappearance oscillation experiments cannot provide infor-
mation on all the geometric parameters of LUQ. So, in order to investigate CP violation, in 
a rephase invariant way, we have to consider neutrino flavor oscillations with non-trivial phase 
shifts i.e., λf ′f ;ij = 0. For this reason we have considered appearance oscillation probabilities to 
possibly determine LUQ parameters.
The orthogonality relation
Vf 0V
∗
f ′0 + Vf 1V ∗f ′1 + Vf 2V ∗f ′2 + Vf 3V ∗f ′3 = 0, (8)
can be viewed as a quadrangle in complex plane, shown in Fig. 1. Its four sides are,
(a, b, c, d) =
(
|Vf 0V ∗f ′0|, |Vf 1V ∗f ′1|, |Vf 2V ∗f ′2|, |Vf 3V ∗f ′3|
)
, (9)
and angles can be expressed as
α = arg
(
−Vf 0V
∗
f ′0
Vf 1V
∗
f ′1
)
, β = arg
(
−Vf 1V
∗
f ′1
Vf 2V
∗
f ′2
)
,
γ = arg
(
−Vf 2V
∗
f ′2
Vf 3V ∗f ′3
)
, δ = arg
(
−Vf 3V
∗
f ′3
Vf 0V ∗f ′0
)
. (10)
From these relations we can write
α = π − λf ′f ;01, β = π − λf ′f ;12, γ = π − λf ′f ;23, δ = π − λf ′f ;03. (11)
Using Eqn. (9) and Eqn. (11), we can write the oscillation probabilities (Eqns. (4)–(5)) in 
terms geometrical parameters of LUQ for neutrino and antineutrino as,
P = a2 + b2 + c2 + d2 − 2ab cos (2X01 ± α) − 2bc cos (2X12 ± β)
− 2cd cos (2X23 ± γ ) − 2ad cos (2X03 ± δ) , (12)
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P = Pνf →νf ′ for neutrino P = Pν¯f →ν¯f ′ for antineutrino. Taking into account the fact that 
Pνf →νf ′ (L = 0) = 0, because neutrinos from the source do not have sufficient time to oscillate, 
we can write Eqn. (12) as
P = 4ab sin (X01 ± α) sinX01 + 4bc sin (X12 ± β) sinX12
4cd sin (X23 ± γ ) sinX23 + 4ad sin (X03 ± δ) sinX03. (13)
Eqns. (12)–(13) shows the connection of geometrical parameters (a, b, c, d,α,β, γ, δ) of LUQ to 
the oscillation probabilities of four neutrino mixing. Here, the geometrical parameters (α, β, γ, δ)
are playing the role of phase shift in neutrino flavor oscillations.
3. CP asymmetry in terms of independent parameters of LUQ
In order to, uniquely, determine LUQ we choose two sides and three angles viz. (b, c,α,β, γ )
as the five independent geometrical parameters. Then, all other parameters of the LUQ can be 
expressed in terms of these five independent parameters. From Fig. 1, we find that
α + β + γ + δ = 2π, δ = 2π − σ, (14)
and
a = −q sin (γ − γ2) cscσ,d = −q sin (α − α2) cscσ, (15)
where, q =√b2 + c2 − 2bc cosβ, γ2 = sin−1 ( b sin βq ), α2 = sin−1 ( c sin βq ) and σ ≡ α + β + γ . 
We follow the parametrization of the mixing matrix V from [19] and find the independent pa-
rameters of LUQ viz. b, c, α, β, γ in terms of mixing angles (θij ) and CP -violating phases (δij ). 
In general, for n-generations, the mixing matrix V can be parametrized in terms of nθ = n(n−1)2
angles and nδ = n(n+1)2 phases. However, number of physical phases which characterize the 
mixing matrix is smaller than nδ because mixing matrix enters into the charged current together 
with fields of charged leptons and neutrinos. We ignore Majorana-type CP -violating phases as 
they will not manifest themselves in the oscillation probabilities. Number of Dirac phases in the 
mixing matrix is nDδ = (n−1)(n−2)2 . For n = 4, nDδ = 3. Hence, we write
V = V23V˜13V03V12V˜02V˜01, (16)
where V˜13, V˜02, V˜01 (V23, V03, V12) are complex (real) elements. We can write the independent 
parameters b, c, α, β, γ in terms of mixing angles and CP -violating phases as,
b = |s201
(
c13s02s12 + c02s03s13ei(δ02+δ13)
)
(
c02c13s03s23 + eiδ02s02
(
c12c23 − eiδ13s12s13s23
))
|, (17)
c = |
(
−c13s02s03s23 + eiδ02
(
c23(c02c12 − s12) − eiδ13s13s23(c02s12 + c12)
))
(
c02c13s12 + c12c13 − s02s03s13ei(δ02+δ13)
)
|, (18)
α = arg
[
−c
2
01
s2
]
, (19)01
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β = arg
[
s201
(
c13s02s12 + c02ei(δ02+δ13)s03s13
)(
c02c13s03s23 + eiδ02s02(
c12c23 − eiδ13s12s13s23
))]
− arg
[(
c12c13 + c02c13s12 − ei(δ02+δ13)s02s03s13
)
(
c13s02s03s23 + eiδ02
(
−c02c12c23 + c23s12 + eiδ13 (c12 + c02s12) s13s23
))]
, (20)
γ = arg
[
−e−i(δ02+δ13)
(
−c13 (c12 + c02s12) + ei(δ02+δ13)s02s03s13
)(
c13s02s03s23
+ eiδ02
(
−c02c12c23 + c23s12 + eiδ13(c12 + c02s12)s13s23
))]
− arg
[
c203c13s13s23
]
, (21)
where sij = sin θij and cij = cos θij . Using Eqns. (14)–(15) we can write, Eqn. (12) in terms of 
five independent parameters (b, c, α, β, γ ). The oscillation probability can be written as
P = q2 sin2 (γ − γ2) csc2 σ + b2 + c2 + q2 sin2 (α − α2) csc2 σ
+ 2qb sin (γ − γ2) cscσ cos (2X01 ± α)
− 2bc cos (2X12 ± β)
+ 2cq sin (α − α2) cscσ cos (2X23 ± γ )
− 2q2 sin (γ − γ2) sin (α − α2) csc2 σ cos (2X03 ∓ σ) . (22)
For the three generation case, assuming additional mixing angles to be extremely small, the 
oscillation probability obtained in Eqn. (22), can be written in term of three independent geomet-
ric parameters, c′, α′ and γ ′ of unitarity triangle shown in Fig. 2. Under this approximation and 
using Eqns. (17)–(21), the expression for oscillation probability (Eqn. (22)) can be written as
P3ν = c
′2
sin2 (α′ + γ ′)
(
sin2 γ ′ + sin2 (α′ + γ ′)
+ sin2 α′ + 2 sinα′ sin (α′ + γ ′) cos(2X23 ± γ ′)
− 2 sinα′ sinγ ′ cos (2X03 ∓ (α′ + γ ′))), (23)
where, P3ν is oscillation probability in three generation case with three independent geometric 
parameters i.e. one side and two angles, (c′, α′ and γ ′) of the unitarity triangle, which is same as 
in Ref. [13]. Eqn. (22) provide the oscillation probability in terms of five independent geometric 
parameters of the LUQ. From current neutrino oscillation data [20], |m223| = 2.45 × 10−3 eV2, 
m212 = 7.50 ×10−5 eV2 and considering the case of E/L ∼m212 we find that X12 is O(1) and 
X01, X03 >> 1. Thus, the oscillations induced by the oscillation frequencies X23, X01 and X03
will be averaged out due to integration over the neutrino production region and energy resolution 
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combination of results from different oscillation experiments can be used to indirectly measure 
CP violation effects in a 1 + 3 scenario. Thus, we can write oscillation probability as
P = q2 sin2 (γ − γ2) csc2 σ + b2 + c2 + q2 sin2 (α − α2) csc2 σ
− 2bc cos (2X12 ± β) . (24)
The CP asymmetry can be written as
P = 4bc sin (2X12) sinβ. (25)
A realistic method to infer about the parameters b, c, α, β, γ of the LUQ is to measure the distor-
tion of neutrino energy spectrum. The current neutrino oscillation experiments such as MINOS 
(with E/L ∼ 8 × 10−4 eV2) [6] and NOνA (with E/L ∼ 5 × 10−4 eV2) [21] are insensitive to 
the oscillation frequency X12. However, the condition E/L ∼ m212 can be realized in future 
neutrino factories [22] with L = (2000–7500) km and E = (1–10) GeV. So, one can get the in-
formation, only, on three (b, c, β) out of five independent geometrical parameters (b, c, α, β, γ ) 
of LUQ making it impossible to construct LUQ and to measure of CP asymmetry.
In general, matter effects becomes important in long baseline experiments. The oscillation 
probability (Eqn. (22)) will get modified due to interaction of neutrinos with matter. Especially, in 
Eqn. (22), we note that the independent parameters of LUQ are associated with different oscillat-
ing terms. These frequencies (X01, X12, X23, X03) will have different behavior for a sufficiently 
large baseline and high precision long baseline experiments, in which case, the oscillation prob-
ability (Eqn. (24)) will depend on all the five independent geometric parameters of LUQ. Thus, 
it is possible, in principle, to extract information on all five independent geometric parameters 
of LUQ in presence of terrestrial matter effects. However, in current LBL experiments such as 
MINOS and NOνA, matter effects are insignificant [13] and expression derived for oscillation 
probability (Eqn. (24)) is still valid. Lets now take the case of short baseline neutrino oscillation 
experiments, with neutrino energy E =O(1 GeV) and L =O(1 km) (E/L ∼ 0.1 eV2 such that 
|X01| ∼ |X02| ∼ |X03| ∼ 1). If the interpretation of the short baseline anomalies based on neu-
trino oscillation is correct then we can neglect the oscillations due to frequencies X12, X23 as 
their contributions will be small. Under these approximations, Eqn. (22) can be written as
P = q2 sin2 (γ − γ2) csc2 σ + b2 + c2 + q2 sin2 (α − α2) csc2 σ
+ 2qb sin (γ − γ2) cscσ cos (2X01 ± α)
− 2q2 sin (γ − γ2) sin (α − α2) csc2 σ cos (2X03 ∓ σ) , (26)
and CP asymmetry as
P = −4qb sin (γ − γ2) cscσ sin (2X01) sinα
− 4q2 sin (γ − γ2) sin (α − α2) cscσ sin (2X03) . (27)
The CP asymmetry is sensitive to all the five independent parameters viz. b, c, α, β, γ of LUQ. 
Thus, next generation short baseline experiments provide unique opportunity to construct lep-
tonic unitarity quadrangle and to measure CP violation. Such opportunity to measure CP
asymmetry will not be there if we try to directly measure CP phases under aforementioned 
approximations because the information on CP phases will be lost as new oscillations are, aver-
aged out or small.
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In summary, we have investigated the connection between neutrino survival probability and 
rephasing invariants of the 4 × 4 neutrino mixing matrix. The CP asymmetry can be measured 
in two ways. First way is to directly measure CP violating phases in the oscillation experiments 
and second is to extract information about the parameters of LUQ from oscillation experiments 
and to construct it. There exist five independent parameters (b, c, α, β, γ ) of LUQ. We obtain the 
relation between the oscillation probability, CP asymmetry and independent parameters of LUQ. 
We have, also, studied the prospects of measuring these parameters and possible measurement 
of CP asymmetry in future long baseline, neutrino factories and short baseline experiments. We 
find that it is not possible to fully construct LUQ using data from long baseline experiments 
because CP asymmetry is sensitive to only three of the five independent parameters of LUQ. 
However, we expect that matter effects becomes important in long baseline experiments and os-
cillation probability (Eqn. (22)) will get modified due to interaction of neutrinos with matter. The 
frequencies (X01, X12, X23, X03) will have different behavior for a sufficiently large baseline and 
high precision long baseline experiments, in which case, the oscillation probability (Eqn. (24)) 
will depend on all the five independent geometric parameters of LUQ. Thus, it is possible, in 
principle, to extract information on all five independent geometric parameters of LUQ in pres-
ence of matter effects. Also, using data from short baseline experiments, we can construct and 
subsequently measure CP violation because CP asymmetry depends on all the five independent 
geometric parameters of LUQ.
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